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A general effective action for quark matter at nonzero temperature and/or nonzero
density is derived. Irrelevant quark modes are distinguished from relevant quark
modes, and hard from soft gluon modes, by introducing two separate cut-offs in
momentum space, one for quarks, Λq, and one for gluons, Λg . Irrelevant quark
modes and hard gluon modes are then exactly integrated out in the functional
integral representation of the QCD partition function. Depending on the specific
choice for Λq and Λg , the resulting effective action contains well-known effective
actions for hot and/or dense quark matter, for instance the “Hard Thermal Loop”
(HTL) or the “Hard Dense Loop” (HDL) action, as well as the high-density effective
theory proposed by Hong and others.
1. Introduction
Sufficiently cold and dense quark matter is a color superconductor 1. Due
to asymptotic freedom, at asymptotically large quark chemical potential,
µ ≫ ΛQCD, the strong coupling constant g ≪ 1, and one can apply weak-
coupling methods to compute the color-superconducting gap parameter.
For Nf massless quark flavors which participate in the screening of gluon
fields, to subleading order in g the result is 2,3,4,6,7
φ = 512 pi4
(
2
Nf g2
)5/2
µ exp
(
− 3pi
2
√
2g
− pi
2 + 4
8
)
[1 +O(g)] . (1)
Sub-subleading corrections enter as O(g) corrections to the prefactor of the
exponential. For a reliable extrapolation of this result to quark chemical
potentials of physical interest, µ ∼ 500 MeV, it is mandatory to know the
order of magnitude of these sub-subleading corrections. However, in full
QCD their calculation appears prohibitively difficult. In order to proceed,
note that in weak coupling, g ≪ 1, there is an ordering of scales φ ∼
1
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µ exp(−1/g)≪ gµ≪ µ. This ordering of scales implies that the modes near
the Fermi surface, which participate in the formation of Cooper pairs and
are therefore of primary relevance in the gap equation, can be considered
to be independent of the detailed dynamics of the modes deep within the
Fermi sea. This suggests that the most efficient way to compute properties
such as the color-superconducting gap parameter is via an effective theory
for quark modes near the Fermi surface. Such an effective theory has been
originally proposed by Hong 8,9 and was subsequently refined by others
10,11,12,13.
In this paper, we derive a general effective theory for hot and/or dense
quark matter from first principles (see also Ref. 14). We introduce cut-offs
in momentum space for quarks, Λq, and gluons, Λg. These cut-offs separate
relevant from irrelevant quark modes and soft from hard gluon modes. We
then explicitly integrate out irrelevant quark and hard gluon modes. We
show that the standard HTL and HDL effective actions are contained in
our general effective action for a certain choice of the quark and gluon cut-
offs Λq, Λg. It can also be shown
14 that the action of the high-density
effective theory derived by Hong and others 8,9,10,11,12,13 is a special case of
our general effective action. We also outline the computation of the color-
superconducting gap parameter with this effective action (for more details,
see Ref. 14).
Our units are ~ = c = kB = 1. 4-vectors are denoted by K
µ = (k0,k),
with k being a 3-vector of modulus |k| ≡ k. For the summation over Lorentz
indices, we use the familiar Minkowski metric gµν = diag(+,−,−,−), al-
though we exclusively work in compact Euclidean space-time with volume
V/T , where V is the 3-volume and T the temperature of the system. Space-
time integrals are denoted as
∫ 1/T
0
dτ
∫
V
d3x ≡ ∫
X
. Energy-momentum
sums are denoted as (T/V )
∑
K ≡ T
∑
n(1/V )
∑
k
. The sum over n runs
over the Matsubara frequencies, ωbn = 2npiT for bosons and ω
f
n = (2n+1)piT
for fermions. The 4-dimensional delta-function is conveniently defined as
δ(4)(X) ≡ δ(τ) δ(3)(x).
2. Deriving the Effective Theory
The partition function for QCD in the absence of external sources reads
Z =
∫
[DA] exp {SA[A]} Zq[A] . (2)
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Here the (gauge-fixed) gluon action is
SA[A] =
∫
X
[
−1
4
Fµνa (X)F
a
µν(X)
]
+ Sgf [A] + Sghost[A] , (3)
where F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν is the gluon field strength tensor,
Sgf is the gauge-fixing part, and Sghost the ghost part of the action.
The partition function for quarks in the presence of gluon fields is
Zq[A] =
∫
[DΨ¯] [DΨ] exp
{
Sq[A, Ψ¯,Ψ]
}
, (4)
where the quark action is
Sq[A, Ψ¯,Ψ] =
1
2
∫
X,Y
Ψ¯(X)G−10 (X,Y )Ψ(Y )+
g
2
∫
X
Ψ¯(X) ΓˆµaA
a
µ(X)Ψ(X) .
(5)
Here,
Ψ ≡
(
ψ
ψC
)
, Ψ¯ ≡ (ψ¯, ψ¯C) , (6)
are Nambu-Gor’kov quark spinors, where ψC ≡ Cψ¯T , ψ¯C ≡ ψTC are
charge-conjugate quark spinors; C ≡ iγ2γ0 is the charge conjugation ma-
trix. The free inverse quark propagator in the Nambu-Gor’kov basis is
G−10 (X,Y ) ≡
(
[G+0 ]
−1(X,Y ) 0
0 [G−0 ]
−1(X,Y )
)
, (7)
with the free inverse propagator for quarks and charge-conjugate quarks
[G±0 ]
−1(X,Y ) ≡ (i/∂X ± µγ0 −m) δ(4)(X − Y ) . (8)
The quark-gluon vertex in the Nambu-Gor’kov basis is defined as
Γˆµa ≡
(
γµTa 0
0 −γµT Ta
)
. (9)
We now transform all fields into energy-momentum space. The partition
function for quarks becomes
Zq[A] =
∫
[DΨ¯] [DΨ] exp
[
1
2
Ψ¯
(
G−10 + gA
)
Ψ
]
. (10)
Here, we employ a compact matrix notation,
Ψ¯
(
G−10 + gA
)
Ψ ≡
∑
K,Q
Ψ¯(K)
[
G−10 (K,Q) + gA(K,Q)
]
Ψ(Q) , (11)
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with
G−10 (K,Q) =
1
T
(
[G+0 ]
−1(K) 0
0 [G−0 ]
−1(K)
)
δ
(4)
K,Q , (12)
where [G±0 ]
−1(K) ≡ /K ± µγ0 −m, and
A(K,Q) ≡ 1√
V T 3
ΓˆµaA
a
µ(K −Q) . (13)
The next step is to integrate out irrelevant quark modes. We define projec-
tion operators P1, P2 for relevant and irrelevant quark modes, respectively,
Ψ1 ≡ P1Ψ , Ψ2 ≡ P2Ψ , Ψ¯1 ≡ Ψ¯ γ0P1γ0 , Ψ¯2 ≡ Ψ¯ γ0P2γ0 . (14)
The Grassmann integration over the irrelevant quark fields Ψ¯2, Ψ2 can be
done exactly. The result for the QCD partition function is
Z =
∫
[DA] [DΨ¯1] [DΨ1] exp
{
S[A, Ψ¯1,Ψ1]
}
, (15a)
S[A, Ψ¯1,Ψ1] ≡ SA[A] + 1
2
Ψ¯1
(
G−10,11 + gB[A]
)
Ψ1 +
1
2
Trq lnG
−1
22 [A],(15b)
where
gB[A] ≡ gA11 − gA12G22[A] gA21 , (16a)
G−122 [A] ≡ G−10,22 + gA22 . (16b)
The quantities G−10,11, G
−1
0,22, A11, A12, A21, A22 carry as argument a pair of
quark 4-momenta, (K,Q). The set of subscripts (nm), n,m = 1, 2, at these
quantities indicates whether the corresponding 3-momenta k, q belong to
the subspace of relevant (n = 1) or irrelevant (n = 2) quark modes.
Similarly to the treatment of fermions we now define projectors Q1, Q2
for soft and hard gluon modes, respectively,
A1 ≡ Q1A , A2 ≡ Q2A . (17)
Inserting A ≡ A1 + A2 into Eq. (15b), we sort the result with respect to
powers of the hard gluon field, A2,
S[A, Ψ¯1,Ψ1] = S[A1, Ψ¯1,Ψ1] +A2 J [A1, Ψ¯1,Ψ1]
− 1
2
A2∆
−1
22 [A1, Ψ¯1,Ψ1]A2 + SI [A1, A2, Ψ¯1,Ψ1] . (18)
The first term in this expansion, containing no hard gluon fields at all, is
simply the action (15b), with A replaced by the soft gluon field A1. The
second term, A2J , contains a single power of the hard gluon field, where
J [A1, Ψ¯1,Ψ1] ≡ JB[A1, Ψ¯1,Ψ1]+Jloop[A1]+JV [A1]. The first contribution,
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JB, arises from the coupling of the relevant fermions to the “modified”
gluon field B[A], i.e., from the second term in Eq. (15b). The second
contribution, Jloop, arises from the term Trq lnG
−1
22 in Eq. (15b), plus an
analogous contribution from the Fadeev-Popov determinant contained in
SA[A]. Finally, the third contribution, JV , arises from the non-Abelian
vertices in QCD.
The third term in Eq. (18) is quadratic in A2, where ∆
−1
22 [A1, Ψ¯1,Ψ1] ≡
∆−10,22+Π22[A1, Ψ¯1,Ψ1]. Here, ∆
−1
0,22 is the free inverse propagator for hard
gluons. Similarly to the “current” J the “self-energy” Π22 of hard gluons
consists of three different contributions, Π22[A1, Ψ¯1,Ψ1] = ΠB [A1, Ψ¯1,Ψ1]+
Πloop[A1] + ΠV [A1].
Finally, we collect all terms with more than two hard gluon fields A2
in Eq. (18) in the “interaction action” for hard gluons, SI [A1, A2, Ψ¯1,Ψ1].
In order to perform the functional integration over the hard gluon fields
A2 one adds the source term A2J2 to the action (15b) and then replaces
the fields A2 in SI by functional differentiation with respect to J2, at J2 =
0. Moving the factor exp{SI [A1, δ/δJ2, Ψ¯1,Ψ1]} in front of the functional
A2-integral, the latter is Gaussian and can be readily performed (after a
suitable shift of A2). We refrain from giving the explicit result, because
we will simplify it anyway by employing the following two approximations.
The first is based on the principle assumption in the construction of any
effective theory, namely that soft and hard modes are well separated in
momentum space. Consequently, momentum conservation does not allow
a hard gluon to couple to any (finite) number of soft gluons. Under this
assumption, the diagrams generated by A2(Jloop+JV ) will not occur in the
effective theory. In the following, we shall therefore omit these terms, such
that J ≡ JB. Our second approximation is that we approximate SI ≃ 0.
With these approximations, the partition function reads
Z =
∫
[DA1] [DΨ¯1] [DΨ1] exp{Seff [A1, Ψ¯1,Ψ1]} , (19)
with the effective action
Seff [A1, Ψ¯1,Ψ1] ≡ SA[A1] + 1
2
Ψ¯1
{
G−10,11 + gB[A1]
}
Ψ1
+
1
2
Trq lnG
−1
22 [A1]−
1
2
Trg ln∆
−1
22 [A1, Ψ¯1,Ψ1]
+
1
2
JB[A1, Ψ¯1,Ψ1] ∆22[A1, Ψ¯1,Ψ1] JB[A1, Ψ¯1,Ψ1].(20)
This is the desired action for the effective theory describing the interaction
of relevant quark modes, Ψ¯1,Ψ1, and soft gluons, A1. The vertices arising
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in the effective action (20) are displayed in Figs. 1 – 5.
+
Figure 1. The three- and four-gluon vertices in SA[A1].
== + + +
Figure 2. The term Ψ¯1gB[A1]Ψ1 in the effective action (20). The left-hand side is a
graphical definition for this term. The right-hand side is obtained from the definition of
gB[A1], Eq. (16a), and subsequently expanding the full propagator for irrelevant quarks,
G22 (thick solid line), in this equation in powers of the soft gluon field, A1 (wavy line),
according to Eq. (16b). A double line stands for the free propagator for irrelevant quarks,
G0,22. Thin lines stand for relevant quark fields Ψ1, Ψ¯1.
= + + +
Figure 3. The term Trq lnG
−1
22
[A1] in the effective action (20). The right-hand side is
obtained upon expanding the full propagator G22 in powers of the soft gluon field, A1,
according to Eq. (16b).
3. Examples
In all examples discussed in this section, the gluon projectors are chosen as
Q1(P1, P2) ≡ Θ(Λg − p1) δ(4)P1,P2 , (21a)
Q2(P1, P2) ≡ Θ(p1 − Λg) δ(4)P1,P2 . (21b)
The gluon cut-off momentum Λg separates soft gluon fields, A1 ≡ Q1A,
from hard gluon fields, A2 ≡ Q2A.
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+ + +
+
=
=
+ + + +
+
+
++
Π 22 Π 22
Π 22Π 22Π 22
Π 22
Figure 4. The term Trg ln∆
−1
22
[A1, Ψ¯1,Ψ1] in the effective action (20). The first line
is obtained from the expression for ∆22; a dashed line denotes the free propagator for
hard gluons ∆0,22, a bubble denotes the full self-energy Π22. The second and third lines
contain some examples for diagrams generated when explicitly inserting Π22.
+= + + + +
Figure 5. The term JB∆22JB in the effective action (20). The left-hand side serves as a
graphical definition for this term, the right-hand side shows some examples for diagrams
when explicitly inserting the expressions for JB and ∆22.
3.1. HTL/HDL Effective Action
This action defines an effective theory for massless quarks and gluons with
small momenta in a system at high temperature T (HTL), or large chemical
potential µ (HDL). Consequently, the projectors P1,2 for quarks are given
by
P1(K,Q) = Θ(Λq − k) δ(4)K,Q , (22a)
P2(K,Q) = Θ(k − Λq) δ(4)K,Q , (22b)
The essential assumption to derive the HTL/HDL effective action is that
there is a single momentum scale, Λq = Λg ≡ Λ, which separates hard
modes with momenta ∼ T , or ∼ µ, from soft modes with momenta ∼ gT ,
or ∼ gµ. In order to show that the HTL/HDL effective action is contained
in the effective action (20), we first note that a soft particle cannot become
hard by interacting with another soft particle. This has the consequence
that a soft quark cannot turn into a hard one by soft-gluon scattering.
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Therefore,
gB[A1] ≡ gA11 . (23)
Another consequence is that the last term in Eq. (20), JB∆22JB , vanishes
since JB is identical to a vertex between a soft quark and a hard gluon,
which is kinematically forbidden. The resulting action then reads
ShighT/µ[A1, Ψ¯1,Ψ1] ≡ SA[A1] +
1
2
Ψ¯1
(
G−10,11 + gA11
)
Ψ1
+
1
2
Trq lnG
−1
22 [A1]−
1
2
Trg ln∆
−1
22 [A1, Ψ¯1,Ψ1].(24)
We realize that the term Trq lnG
−1
22 generates all one-loop diagrams, where
n soft gluon legs are attached to a hard quark loop. This is precisely the
quark-loop contribution to the HTL/HDL effective action.
Now consider the last term, Trg ln∆
−1
22 . For hard gluons with momen-
tum ∼ T or ∼ µ, the free inverse gluon propagator is ∆−10,22 ∼ T 2 or ∼ µ2,
while the contribution Πloop to the hard gluon “self-energy” Π22 is at most
of the order ∼ g2T 2 or ∼ g2µ2. Consequently, Πloop can be neglected
and Π22 only contains tree-level diagrams, Π22 ≡ ΠB + ΠV . Now expand
Trg ln∆
−1
22 in powers of Π22. The terms which contain only insertions of
ΠV correspond to one-loop diagrams where n soft gluon legs are attached
to a hard gluon loop. This is precisely the pure gluon loop contribution to
the HTL effective action. For the HDL effective action, this contribution is
∼ g2T 2, and thus negligible.
The “self-energy” ΠB contains only two soft quark legs attached to a
hard quark propagator (via emission and absorption of hard gluons). Con-
sequently, in the expansion of Trg ln∆
−1
22 , the terms which contain insertions
of ΠV and ΠB correspond to one-loop diagrams where an arbitrary number
of soft quark and gluon legs is attached to the loop. It was shown in Ref.
15 that of these diagrams, only the ones with two soft quark legs and no
four-gluon vertices are kinematically important and thus contribute to the
HTL/HDL effective action. We have thus shown that the latter is contained
in the effective action (24), and constitutes its leading contribution.
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3.2. High-density Effective Theory
In an effective theory for cold, dense quark matter the projectors are chosen
as
P1(K,Q) ≡
(
Λ+
k
0
0 Λ−
k
)
Θ(Λq − |k − kF |) δ(4)K,Q , (25a)
P2(K,Q) ≡
[(
Λ−
k
0
0 Λ+
k
)
+
(
Λ+
k
0
0 Λ−
k
)
Θ(|k − kF | − Λq)
]
δ
(4)
K,Q .(25b)
Here, Λe
k
≡ [Ek + eγ0 (γ · k+m)] /(2Ek) are projection operators onto
states with positive (e = +) or negative (e = −) energy, where Ek =√
k2 +m2 is the relativistic single-particle energy. The momentum cut-off
Λq controls how many quark modes (with positive energy) are integrated
out. Thus, all quark modes within a layer of width 2Λq around the Fermi
surface are considered as relevant, while all antiquark modes and quark
modes outside this layer are considered as irrelevant, cf. Fig. 6. It can
be shown 14 that the effective theory with the projection operators (25) is
equivalent to the high-density effective theory proposed by Hong 8,9 and
refined by others 10,11,12,13.
Armed with the effective action (20), one can compute the color-
superconducting gap parameter in weak coupling 14. One first derives the
2PI effective action 16, Γ, with Eq. (20) as the underlying tree-level ac-
tion. The stationary points of Γ yield Dyson-Schwinger equations for the
propagators of relevant quarks and soft gluons, which can be solved in a
particular many-body approximation scheme. The gap equation for the
color-superconducting gap parameter is equivalent to the equation for the
off-diagonal component of the quark propagator in the Nambu-Gor’kov ba-
sis. The introduction of the quark and gluon cut-offs Λq and Λg allows for
a rigorous power-counting of various contributions to the gap equation. It
turns out that, in order to obtain the subleading-order result (1), one has
to assume Λq . gµ≪ Λg . µ.
The situation is illustrated in Fig. 6. Relevant quark modes lie in a
narrow “shell” of width 2Λq around the Fermi surface, irrelevant quarks
lie outside this shell. The leading contribution to the QCD gap equation
arises from soft magnetic gluon exchange, which mediates between quark
states inside a “patch” of diameter 2Λg located on this shell. Subleading
contributions arise from soft electric gluon exchange, as well as from hard
magnetic and electric gluon exchange. The latter mediates between quark
states in- and outside this patch, inside the shell of relevant quark modes.
August 11, 2018 13:41 Proceedings Trim Size: 9in x 6in rischke
10
Fvµ
2Λq
2Λg
l
Figure 6. The shell of relevant quark modes of width 2Λq around the Fermi surface,
and the patch on this shell, characterizing the range of soft gluon interactions.
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